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Abstract
We present an arc-like continuum X and a mapping f :X → X with the following properties:
The set of recurrent points of f is dense in X; f has no periodic points other than fixed points;
and the topological entropy of f is positive. This example allows us to answer one question due to
J.J. Charatonik and another question due to M. Barge.
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1. Introduction and some definitions
Let I be the interval [0,1] in the real line R. For each positive integer, n ∈ N, let
r ∈ {0,1, . . . , n − 1}, and let gn : I → I be the piecewise linear function defined by the
formula
gn(x)=
{
nx − r, if r is even and x ∈ [ r
n
, r+1
n
]⊂ [0,1],
−nx + r + 1, if r is odd and x ∈ [ r
n
, r+1
n
]⊂ [0,1].
Notice that g1 is the identity function, and g2 is the well-known tent map. It is also known
that for any two positive integers, n and m, gn ◦ gm = gm ◦ gn = gnm (see [1,6]).
Let X be a compact space and let f :X → X be a continuous mapping. We define
f 1 = f and f n = f ◦ f n−1 for each n  2. Let x ∈ X, the orbit of x under f is the
sequence {x,f (x), f 2(x), f 3(x), . . .}, and it is denoted by o(x,f ). If there is n ∈N such
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that f n(x)= x it is said that x is a periodic point of f . In such a case, the period of x is
the smallest n with f n(x)= x. It is said that x ∈X is a recurrent point of f provided that
there exists a sequence {n1 < n2 < n3 < · · ·} such that limni→∞ f ni (x)= x. The set of all
periodic points of f and the set of all recurrent points of f are denoted by P(f ) and R(f ),
respectively.
Let n 2 and let Kn be the inverse limit space produced by gn : I → I as single bonding
map; i.e.
Kn =
{
xˆ = (x1, x2, x3, . . .) | xi = gn(xi+1) for each i ∈N
}
.
The metric in Kn is given by the formula
d
(
xˆ, yˆ
)= d((x1, x2, x3, . . .), (y1, y2, y3, . . .))= ∞∑
i=1
|xi − yi |
2i
.
Let m  2. Since gn and gm commute, gm induces a mapping of Kn into itself,
gˆm :Kn →Kn, given by
gˆm(x1, x2, x3, . . .)=
(
gm(x1), gm(x2), gm(x3), . . .
)
.
We study some properties of this family of mappings. In particular, we show that
the closure of the set of all periodic points of gˆm is Kn, cl(P (gˆm)) = Kn, and that
gˆm :Kn →Kn exhibits a dense orbit. These results imply that the set of all recurrent points
of gˆm is dense in Kn, cl(R(gˆm))=Kn. That is, the equality
cl
(
P
(
gˆm
))= cl(R(gˆm))
holds in Kn.
The previous construction can be generalized. Let M be a sequence of positive integers
2, M = {n1, n2, n3, . . .}. Consider the inverse limit space taking gn1 , gn2 , gn3, . . . as
bonding maps,
K{M} =
{
xˆ = (x1, x2, x3, . . .) | xi = gni (xi+1) for each i ∈N
}
.
Notice that K{M} is an arc-like continuum (see [8]). We will refer to this space as a Knaster
Continuum. Again, as we described above, gm : I → I , m 2, induces a mapping of K{M}
into itself, gˆm :K{M} → K{M}. We will show that gˆm has a dense orbit and, therefore,
cl(R(gˆm))=K{M}.
A space X is said to have the periodic-recurrent property (shortly PR-property) provided
that for every mapping f :X → X the equality cl(P (f )) = cl(R(f )) holds. Coven and
Hedlund proved in [4] the following result:
Theorem (Coven and Hedlund). The closed unit interval has the PR-property.
In March, 1999, Piotr Minc gave a series of lectures at the University of Puebla (BUAP),
México. Inspired by an example given by professor Minc we supply an special sequence
M = {n1, n2, n3, . . .} such that, for some m, gˆm :K{M} → K{M} does not have periodic
points other than fixed points. This example produces an arc-like continuum and a map of
itself where cl(P (gˆm)) = cl(R(gˆm)). This answers, in a negative sense, a question due to
professor Charatonik (see [3]):
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Question 3.15 (Charatonik). Can the Coven and Hedlund’s result be generalized to arc-
like continua?
The same mapping gˆm :K{M} →K{M} is also useful to answer a different question due
to Marcy Barge (see [5]).
Question Q18 (M. Barge). Must a positive entropy homeomorphism of chainable
continuum have a nonfixed periodic point?
We leave the definition of topological entropy for the last section. It is not difficult to
show that gˆm :K{M} →K{M} is a positive entropy map. With gˆm at hand we will produce
a chainable continuum and a positive entropy homeomorphism defined on it with no other
periodic points than fixed points. Thus the answer to question Q18 is negative.
2. Some dynamical properties of gn : I → I
We present in this section some properties of gn : I → I that will be useful in the
sequel. From now on, every time we talk about mappings gn : I → I or gˆm :Kn →Kn or
gˆm :K{M} →K{M}, we assume that n,m 2. Also, all the spaces we consider are metric
spaces, and all the mappings are continuous.
Definition 1. Let f :X→ X be a mapping of the compact space X. It is said that f is
topologically transitive (shortly, transitive) if for any pair of nonempty open subsets, A
and B , of X, there exist a point, x ∈A, and a positive integer k such that f k(x) ∈B .
Notice that if f :X→X has a dense orbit, then f is transitive.
We start with two lemmas and a proposition. The proofs are not difficult, so we leave
them to the reader.
Lemma 2.
(a) If x ∈ P(gn), then x is a rational number, x ∈ [0,1] ∩Q.
(b) If y ∈ [0,1] ∩Q, then the cardinality of o(y, gn) is finite.
Lemma 3. For each k ∈N and each l ∈ {0,1,2, . . . , nk − 1},
gkn
([
l
nk
,
l + 1
nk
])
= [0,1].
Furthermore, gkn|[ l
nk
, l+1
nk
] : [ lnk , l+1nk ]→ [0,1] is a homeomorphism.
Proposition 4. Let A = (a, b), a < b, be an open subinterval of I . Then there is some
k ∈N such that gkn(A)= I .
Proposition 5. gn : I → I is transitive.
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Proof. It is enough to show that for any two nonempty open subintervals of I , A= (a, b)
and B = (c, d), there exist a point x ∈A and some k ∈N such that f k(x) ∈ B .
By Proposition 4, there exists k ∈N such that gkn(A)= I . It readily follows that there is
a point x ∈A with f k(x) ∈B . ✷
Proposition 6. P(gn) is a dense set in I .
Proof. Let A= (a, b), a < b, be an open subinterval of I . Let k ∈N such that gkn(A)= I .
It follows that there exists x ∈A with gkn(x)= x . Thus P(gn) ∩A = φ. ✷
Proposition 7. For any pair n,m 2, P(gn) ∩P(gm) is a dense set in I .
Proof. By Proposition 6, it is suffices to show that P(gn)∩ P(gm)= P(gnm).
Step 1. Let x ∈ P(gn)∩ P(gm). There exist p,q ∈N such that
g
p
n (x)= x and gqm(x)= x.
It follows that(
g
p
n
)q
(x)= x and (gqm)p(x)= x.
Hence
g
pq
nm(x)= (gn ◦ gm)pq(x)= gpqn ◦ gpqm (x)= gpqn (x)= x.
Thus x ∈ P(gnm).
Step 2. Let x ∈ P(gnm). Let q ∈N with gqnm(x)= x . It follows that
g
q
n ◦ gqm(x)= x and gqm ◦ gqn(x)= x.
Let us consider the orbit of x under gm, {x,gm(x), g2m(x), . . .} = o(x, gm). Note that the
cardinality of o(x, gm) is finite. We will see now how the mapping gqn acts on some points
of o(x, gm).
Claim. For each p ∈N, gqn(gpqm (x))= g(p−1)qm (x).
The following proves our claim.
g
q
n
(
g
pq
m (x)
)= gqn ◦ g(p−1)qm ◦ gqm(x)= g(p−1)qm ◦ gqn ◦ gqm(x)= g(p−1)qm (x).
Thus gqn maps g
q
m(x) onto x , g
2q
m (x) onto g
q
m(x), g
3q
m (x) onto g
2q
m (x), and so on.
Since for each p ∈ N, gpqm (x) ∈ o(x, gm). It follows that there is p0 ∈ N such that
g
p0q
m (x)= x . Thus x ∈ P(gm).
Furthermore,(
g
q
n
)p0(x)= (gqn)p0 ◦ (gqm)p0(x)= (gqn ◦ gqm)p0(x)= x.
Hence x ∈ P(gn) as well. Thus x ∈ P(gn)∩P(gm). ✷
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3. Some properties of gˆm :Kn→Kn
Let us recall that Kn denotes the inverse limit space produced with the single bonding
map gn : I → I , and gˆm :Kn →Kn denotes the mapping defined by the formula
gˆm(x1, x2, x3, . . .)=
(
gm(x1), gm(x2), gm(x3), . . .
)
.
For each i ∈N the projection from Kn onto I will be denoted by πi . Since gn is an open
function, πi is an open function as well for any i ∈N. Also notice that for each i ∈ N the
following diagram commutes:
Kn
πi
gˆm
Kn
πi
I
gm
I
Proposition 8. The set of all periodic points of the mapping gˆm :Kn →Kn is dense in Kn.
Proof. Take xˆ ∈Kn, xˆ = (x1, x2, x3, . . .), and ε > 0. Let n0 ∈N such that
∞∑
i=n0+1
1
2i
<
ε
2
.
Since gn is continuous, there is 0 < δ < ε2 such that if |xn0 − y|< δ, then∣∣gln(xn0)− gln(y)∣∣= ∣∣xn0−l − gln(y)∣∣< ε2
for each l ∈ {0,1,2, . . . , n0 − 1}.
Since P(gn) ∩ P(gm) is a dense set in I (Proposition 7), there is some y ∈ P(gn) ∩
P(gm) with |xn0 − y| < δ. It follows that there exists yˆ ∈ Kn with the following three
properties:
(i) πn0(yˆ)= y .
(ii) Let q be the period of y under gn. For each p ∈N, πn0+pq(yˆ)= y .
(iii) yˆ ∈ P(gˆm).
Since the distance between xˆ and yˆ satisfies the following:
d(xˆ, yˆ)=
∞∑
i=1
|xi − yi |
2i

n0∑
i=1
|xi − gn0−in (y)|
2i
+
∞∑
i=n0+1
1
2i
<
ε
2
+ ε
2
= ε,
it follows that cl(P (gˆm))=Kn. ✷
It is also true that the mapping gˆm :Kn →Kn is transitive. The proof of this is a corollary
of Proposition 9 in the next section.
424 H. Méndez-Lango / Topology and its Applications 126 (2002) 419–428
4. Some properties of gˆm :K{M} →K{M}
Let us recall that M is a sequence of positive integers  2, M = {n1, n2, n3, . . .},
and K{M} denotes the inverse limit space taking gn1 , gn2 , gn3 , . . . as bonding maps. Also
gˆm :K{M} →K{M}, denotes the mapping given by the formula
gˆm(x1, x2, x3, . . .)=
(
gm(x1), gm(x2), gm(x3), . . .
)
.
And πi :K{M} → I denotes the corresponding projections, i ∈N.
Notice that for each i ∈N the following diagram commutes
K{M}
πi
gˆm K{M}
πi
I
gm
I
Furthermore, for each l ∈N, we have πi ◦ gˆ lm = glm ◦ πi . Also, for each i ∈N, πi is an
open function since gnk : I → I is an open function for any nk ∈M .
Given a point xˆ ∈K{M} and ε > 0, Bε(xˆ) denotes the set{
yˆ ∈K{M} | d(xˆ, yˆ) < ε
}
.
Proposition 9. The mapping gˆm :K{M} →K{M} is transitive.
Proof. Let A and B be two nonempty open subsets of K{M}. Let aˆ ∈ A and bˆ ∈ B ,
aˆ = (a1, a2, . . .), bˆ = (b1, b2, . . .). Let ε > 0 such that Bε(aˆ) ⊂ A and Bε(bˆ) ⊂ B . Let
k ∈N such that the projection
πk :K{M} → I
is an ε−map (that is, diam(π−1k (t)) < ε for any t ∈ I ).
Now, πk(Bε(aˆ)) is an open subset of I . According to proposition 4, there exists l ∈ N
such that
glm
(
πk
(
Bε(aˆ)
))= [0,1].
Hence there exists cˆ ∈Bε(aˆ) such that
glm
(
πk(cˆ)
)= bk.
It follows that πk ◦ gˆ lm(cˆ)= bk = πk(bˆ). Therefore, the distance between gˆ lm(cˆ) and bˆ
is less than ε. Hence
gˆ lm(cˆ) ∈Bε(bˆ)⊂ B.
Thus, we have found a point cˆ ∈ A and l ∈ N such that gˆ lm(cˆ) ∈ B . That is, gˆm is
transitive. ✷
The following proposition is a well-known result (see [2, Proposition 39 in Chapter 5]).
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Proposition 10. A continuous map f :X→X of a compact space into itself is transitive if
and only if there exists a point x ∈X such that cl(o(x,f ))=X.
Proposition 11. cl(R(gˆm))=K{M}.
Proof. Since gˆm is transitive, there is some xˆ ∈ K{M} with cl(o(xˆ, gˆm)) = K{M}. The
existence of this orbit gives us the following:
(i) There is sequence of positive numbers {q1, q2, . . .} such that
lim
qi→∞
gˆ
qi
m
(
xˆ
)= xˆ.
Thus xˆ ∈ R(gˆm), and
(ii) For any p > 0, cl(o(gˆpm(xˆ), gˆm))=K{M} as well.
Therefore, o(xˆ, gˆm)⊂R(gˆm). Thus, cl(R(gˆm))=K{M}. ✷
In what follows we are going to produce an example of gˆm :K{M} →K{M} such that gˆm
does not have periodic points other than fixed points.
In the definition of gˆm assume m 2, and in definition of K{M} consider the sequence
M = {2,4,6,8, . . .} = {ni = 2i}∞i=1.
Proposition 12. If xˆ ∈ K{M} is a periodic point under gˆm :K{M} → K{M}, then xˆ =
(0,0,0, . . .).
Proof. Let xˆ ∈ P(gˆm). Assume p is the period of xˆ under gˆm. Since
gˆ
p
m(xˆ) = gˆpm(x1, x2, x3, . . .)=
(
g
p
m(x1), g
p
m(x2)g
p
m(x3), . . .
)
= (x1, x2, x3, . . .)= xˆ,
for any i ∈N, gpm(xi)= xi . Therefore, for any i ∈N, xi ∈ P(gm) and the period of xi under
gm is less than or equal to p.
Since given any period p′ (of a periodic point of gm), the cardinality of the set of points
of I which are periodic points under gm and have period p′ is finite, there exists q > 0
such that for any i ∈N,
xi ∈
{
0
q
,
1
q
,
2
q
,
3
q
, . . . ,
q
q
}
= B.
Notice that B is an invariant set under gm, that is, gm(B)⊂ B .
Let us consider πq(xˆ)= xq . Since xq+1 = rq for some 0 r  q , we have
xq = g2q(xq+1)= g2q
(
r
q
)
= 0.
Furthermore, for any l ∈N, and for some 0 s  q we have
xlq = g2lq(xlq+1)= g2lq
(
s
q
)
= 0.
Thus for any i ∈N, πi(xˆ)= xi = 0. Then xˆ = (0,0,0, . . .). ✷
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This example has the following properties:
(i) K{M} is an arc-like continuum, and
(ii) cl(P (gˆm)) has only one point, and cl(R(gˆm))=K{M}.
Thus, the answer to
Question 3.15 (Charatonik). Can the Coven and Hedlund’s result be generalized to arc-
like continua?
is negative.
5. The topological entropy of our example
Let us keep in this section the notation and the example of the previous section,
gˆm :K{M} →K{M} and M = {2,4,6,8, . . .} = {ni = 2i}∞i=1.
Definition 13. Let X be a compact topological space and f :X→X a continuous map. If
α is an open cover of X, let N(α) denote the number of sets in a finite subcover of α with
smallest cardinality. If α and β are two open covers of X, let α ∨ β = {A∩B |A ∈ α,B ∈
β} and f−1(α)= {f−1(A) |A ∈ α}. For an open cover α and n ∈N let
n−1∨
i=0
f−i (α)= α ∨ f−1(α)∨ f−2(α)∨ · · · ∨ f−(n−1)(α)
and
ent(f,α)= lim
n→∞
1
n
logN
(
n−1∨
i=0
f−i (α)
)
.
The topological entropy of f is defined by
ent(f )= sup{ent(f,α) | α is an open cover of X}.
The following two propositions are results already known. We refer the reader to [9,7]
for detailed proofs.
Proposition 14. Let f :X → X and g :Y → Y be two mappings defined on compact
topological sets. Let h :X → Y be a surjective mapping. If the following diagram
commutes
X
h
f
X
h
Y
g
Y
then ent(f ) ent(g).
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Proposition 15. ent(gm) > 0.
Proposition 16. ent(gˆm) > 0.
Proof. Since the diagram
K{M}
π1
gˆm K{M}
π1
I
gm
I
commutes and π1 is a surjective map, we conclude that ent(gˆm) > 0. ✷
In order to answer Marcy Barge’s question: Must a positive entropy homeomorphism of
chainable continuum have a nonfixed periodic point?, first note that K{M} is a chainable
continuum (see [8]). Now take m = 2. It is enough to show that gˆ2 :K{M} → K{M} is a
homeomorphism. In such a case gˆ2 satisfies the following properties:
(i) It has positive topological entropy; and
(ii) It has only one fixed point and it does not have nonfixed periodic points.
Thus, the answer to M. Barge’s question is negative.
Proposition 17. gˆ2 :K{M} →K{M} is a homeomorphism.
Proof. Since gˆ2 :K{M} → K{M} is transitive (Proposition 9), then it is a surjective map.
Therefore, it is enough to show that gˆ2 :K{M} →K{M} is one to one.
Let xˆ = (x1, x2, . . .) and yˆ = (y1, y2, . . .) be two elements of K{M} such that gˆ2(xˆ) =
gˆ2(yˆ). It follows that g2(xi)= g2(yi) for each i ∈N. Hence xi = yi , or xi = yi and xi and
yi are symmetric points respect to 12 , i.e.,
xi+yi
2 = 12 , for each i ∈N.
Let i ∈ N. If xi+1 = yi+1, then xi = yi . If xi+1 = yi+1, note that g2i maps two
symmetric points respect to 12 onto just one point, therefore xi = yi . Thus, xˆ = yˆ, and
gˆ2 :K{M} →K{M} is one to one. ✷
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